Let Z := X × Y be a product variety of nonsingular projective varieties X and Y . Suppose that K Y is not nef but K X is nef. The aim of this note is to study decomposition problems on an endomorphism f :
§1. Introduction
In this paper, we study some kind of decomposition problems concerning endomorphisms of nonsingular projective varieties. By an endomorphism, we mean a surjective morphism f : X → X from a complex variety X to itself. We begin with a brief background. We first quote an example from our previous paper [2] . Let X be a nonminimal smooth projective 3-fold with κ(X) = 0 which has a nonisomorphic endomorphism f : X → X. Then a suitable finité etale covering u : Z → X of X is isomorphic to the direct product E × S of an elliptic curve E and a smooth nonminimal algebraic surface S in which S is birationally equivalent to an abelian surface or a K3 surface. Furthermore, there exists an endomorphism f : Z → Z with u•f = f •u such that f can be decomposed as f = g × h for an endomorphism g : E → E and an isomorphism h : S ∼ = S (cf. [2, MAIN THEOREM] ). In view of these results, we are naturally led to the following questions.
Question.
Let X be a nonsingular projective variety with nonnegative Kodaira dimension. Suppose that there exists an endomorphism f : X → X which is not an isomorphism.
(1) For a generic point p ∈ X, let S(p) be the Zariski closure of the set {f n (p) | n = 1, 2, . .
.}. If S(p) = X, then is a suitable finiteétale covering S (p)
of S(p) an abelian variety ? (2) Furthermore assume that the canonical bundle K X of X is not nef.
Then does each extremal rational curve on X intersect transversally with S(p)?
This is a natural question yet to be investigated. As a first step, we shall focus our attention to the following question. Suppose that there exists an endomorphism f : Z → Z of the direct product
Question (D n
If the Question (D n ) has an affirmative answer, there exists a relative automorphism u of Z over Y such that u • f k = h × g for some endomorphism h : X → X of X and an isomorphism g : Y ∼ = Y of Y . Note that if the condition ( * ) is not satisfied, Question (D n ) does not necessarily have an affirmative answer (cf. Remark 2). The main purpose of this note is to give a partial answer to this question.
MAIN THEOREM.
Question (D n ) has an affirmative answer for n = 2 and 3.
Notation. In this paper, by a smooth projective n-fold X, we mean a nonsingular projective manifold of dimension n defined over the complex number field C.
b i (X): the i-th Betti number of X. K X : the canonical bundle of X. κ(X): the Kodaira dimension of X. N 1 (X) := ({1-cycles on X}/ ≡) ⊗ Z R, where ≡ denotes the numerical equivalence.
NE(X) := the smallest convex cone in N 1 (X) containing all effective 1-cycles.
NE(X)
= Kleiman-Mori cone of X, i.e. the closure of NE(X) in N 1 (X) for the metric topology.
ρ(X) := dim R N 1 (X), the Picard number of X.
[C]: the numerical equivalence class of a 1-cycle C.
By an extremal ray R of X, we mean a K X -negative extremal ray of NE(X). An irreducible curve C on X is called an extremal curve if [C] spans some extremal ray R of NE(X). Sur(Y ) : the set of surjective holomorphic maps from Y to itself, which carries a complex space structure (cf. [3] .)
For
For compact complex spaces M and W , Mer dom (M, W ): the set of dominant meromorphic maps from M to W .
§2. Preliminaries
We begin with an easy lemma.
Lemma 1.
Let f : V → W be a surjective morphism between normal projective varieties. Then f * NE(V ) = NE(W ).
We prove some facts that provide the key step toward the proof of MAIN THEOREM.
Theorem 2.
Let 
Lemma 3.
No extremal curve e on Z is contained in a fiber of q : Z→Y .
Proof. Assume the contrary. Let p : Z → X be the first projection. Since
By hypothesis, we have (K Z , e) < 0 and (K X , p * e) ≥ 0. This is a contradiction.
Lemma 4.
Under the same assumption as in Theorem 2, let ϕ : Z → Z be the contraction morphism associated to the extremal ray R of Z. Then there exists a surjective morphism g :
, take an extremal rational curve e on ϕ −1 (z ) which spans R (cf. [9] ). By Lemma 3, C := q(e) is a rational curve on Y .
Claim. p(e) is a point on X.
Assume the contrary. Then D := p(e) is a rational curve on X and e is contained in the surface S :
be the normalization of C (resp. D) and e the strict transform of e by the birational morphism π :
Since e moves and sweeps out
If dim ϕ(S) = 1, then S has three different fiber space structures. This is a contradiction, since ρ(S ) = 2. Hence ϕ(S) is a point and each fiber F of q| S : S → C spans the same extremal ray R. However, by Lemma 3, F is not contained in a fiber of q : Z → Y . This is again a contradiction.
Hence p(C) is a point for any extremal curve C which spans R. For arbitrary 2 points x, y ∈ ϕ −1 (z ), take a chain of irreducible curves C i 's on ϕ −1 (z ) which connect x and y. By the same argument, p(C i ) is a point.
Using Lemma 4, we now prove Theorem 2.
Proof of Theorem 2.
Step 1. First we show that for each extremal ray R of Z, R := q * R is also an extremal ray of Y . Let C be an extremal curve on Z which spans R.
Then, by Lemma 4, p(C)
Then the ray R := q * R is spanned by an irreducible curve C := q(C) and there exists an isomorphism
We show that R is extremal. Assume that
Step 2. Let t : Y → Z be a constant section of q : Z → Y defined by t(y) = (o, y) for some fixed point o ∈ X. Then, for each extremal ray R of Y , t * R is also an extremal ray of Z.
Proof. Let C be an extremal curve on Y which spans R and put C :
and e is an extremal curve which spans the extremal ray R of Z. By step 1, e is contained in a fiber of p : Z → X. Clearly, e is numerically equivalent to t • q(e) on Z. Hence we may assume that
where e := q(e). Since [C ] spans the extremal ray R , e also spans R . Since [e] = [t * e ] spans the ray t * R , we have t * R = R, which is an extremal ray of Z.
(1) is derived from Step 1 and Step 2.
Step 3. Let ϕ : Z → Z be the contraction morphism associated to an extremal ray R of Z. By Step 1, R := q * R is an extremal ray of Y . Let Ψ: Y → Y be the contraction morphism associated to R . Since Z is normal and
Since the relative Picard number ρ(Z/X × Y ) = 1, u is a finite morphism. Note that u is also a birational morphism and X × Y is normal. Hence u is an isomorphism by Zariski's main theorem.
Proposition 5.
Proof.
The following simple proof is due to N. Nakayama. The set {g • f m | m = 1, 2, . . .} is contained in a finite set Mer dom (X, W ). Proof. Let p : Z → X be the first projection. Assume that, for some point
is not a point on X. Then, by the rigidity
Since f : Z → Z is surjective, X is covered by a family of rationally connected
hence is covered by a family of rational curves.
This contradicts the assumption that X is nonuniruled.
a point for all x ∈ X by the rigidity lemma and there exists an endomorphism 
By the next Lemma 7, g : X → X is a finiteétale covering. Moreover, if Y is nonsingular, Y is simply connected by [6] . Thus the last claim is derived.
Lemma 7.
Let f : V → V be an endomorphism of a smooth nonuniruled projective n-fold V . Then f is a finiteétale covering.
is a contradiction. Hence R = 0 and the claim is derived.
§3. Proof of MAIN THEOREM
We recall from [2] some basic facts; extremal rays of nonsingular projective varieties are preserved by anétale endomorphism.
Proposition 8 (cf. [2, Proposition 4.2]).
Let f : Y → X be a finite surjective morphism between smooth projective n-folds with ρ(X) = ρ(Y ). Then we have the following:
(2) Moreover, if f is a finiteétale covering and the canonical bundle K X of X is not nef, there is a one-to-one correspondence between the set of extremal rays of X and the set of extremal rays of Y .
Proposition 9 (cf. [2, Proposition 4.12]).
Under the same assumption as in Proposition 8, (2), for each extremal ray R of X, let ϕ := Cont R : X → X (resp. ψ := Cont R : Y → Y ) be the contraction morphism associated to R (resp. R := f * R). Then there exists a unique finite surjective morphism
theoretically. Moreover, ϕ is a birational contraction if and only if ψ is a birational contraction and ϕ is a divisorial contraction if and only if ψ is a divisorial contraction.
Proof. We first show that f : Y → X induces a surjective morphism f : Y → X . Since X is normal, it suffices to show that ϕ
, take a chain of irreducible curves C i 's on ψ −1 (y ) which connect x and p. Since [C i ] spans the extremal ray
Next we show that f is a finite morphism. Assume the contrary. Then dim f −1 (x ) > 0 for some point x ∈ X . For an arbitrary irreducible curve ∆ 
Proof.
Since κ(Z) ≥ 0, f : Z → Z is a finiteétale covering by Lemma 7. By Theorem 2, there exists a unique extremal ray R of Z such that q * R = R . For each n, R n := (f n ) * R (here R 0 := R) is an extremal ray of Z by Proposition 8. Hence, by Proposition 9, there exist a contraction morphism ϕ n := Cont R n : Z → Z n and a unique finite morphism g n : 
Again, by the rigidity lemma, there exists a unique
Then, combining Theorem 2 and Proposition 9, we see that Exc( 
Furthermore, if Y is nonsingular in both cases and M is also nonsingular in the case (3a), then g : Y → Y can be taken to be an isomorphism.
Proof. Therefore, the finite morphism F : Z → Z induces a permutation of the finite set consisting of all the irreducible components of E.
Suppose that R satisfies the assumptions of the theorem. By replacing F : Z → Z (hence F : Z → Z) with a suitable power of F (resp. F ), we may assume that F −1 (X × M ) = X × M .
Then by Propositions 5 and 6, if we replace F : Z → Z with a suitable power (3) By the same method as in the proof of Theorems 10 and 11, we can show: Under the same assumption as in Theorem 10 or 11, Y has no nonisomorphic endomorphism.
